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The charge of a spin 3/2, 20-dimensional wave equation of the Gel’ fand-Yaglom form based
on the representatlon (172, 3/2) @ (-1/2, 372) @ (172, 5/2) © (—1/2, 5/2) @ (1/2, 3/2)
@ (—1/2,3/2) and its propdgallon behaviour in an external electromagnetic field are studied,
and it is shown that its charge 1s definite but its propagation is not causal.

1. Introduction The canonical form of the wave equation (1) (in
the general case) with respect to the canonical
In this paper we shall be concerned with an  basis[3]
example of a wave equation of the Gel'fand-
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(Our notation is the same as that of [3].) ’ “n|iV3B (2 g 0 _ 3¢ 0
The example we shall be concerned with is a ?’I (_) o 0 :’V3“ 0 0
20-dimensional wave equation and describes par- nl 7 0 Y30 0 0 0

ticles of spin 3/2 with definite charge. We shall also
look upon its propagation behaviour in an external and for /= 3/2,
electromagnetic field.
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introduce the new constants b=i}3 8, c=i)3f.
z=i)3¢ k=i)3C ((—) indicates the complex
conjugate.) Restricting our selves to equations
describing spin 3/2 particles with or without spin
1/2 particles present (depending on the eigenvalues
of the block ILy(/=1/2)) we can devide throughout
by 2¢. in which case the block (/= 3/2) aquires
nonvanishing eigenvalues. Renaming the constants
in this case as

z b
o Fodte Bl gee
2¢ 2¢ 2e 2¢
y k 0
r=—, K=—, 0=—, (6)
2¢ 2¢ 2¢
the blocks of I, read:
for/=1/2
T i.l fz (%) 7] Ti
7110 4 0 B 0 I
n]l4 0 B 0 I 0
Hn]0 C 0 4+ 0 Zz
Lo(/=1/2)= " 2
=M= ale 0o 3+ 0 z o
|0 rr 0 K 0 6
I 0 K 0 & 0
and for /= 3/2 (7)
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2. A Special Example and Charge Associated with it

If the constants 4, B, I', C, Z, K, O in the above
wave equation have the values

1 1 I I
B=——ry, C=——x, Z=

= K= g
212 212
A=——, '=——, @=——, (8)

a wave equation of the Gel'fand-Yaglom form
results which describes particles of spin 3/2. The
matrix L, associated with this wave equation has
the following blocks for spins 1/2 and 3/2, respec-
tively:
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We notice that the eigenvalues of the block
ILy(/=1/2) are all zero and the equation describes
only spin 3/2 particles. The matrix L, satisfies the
minimal equation

L3(L3—1 =0. (10)

Thus IL, is not a diagonalizable matrix.
We look next upon the charge associated with the
above wave equation defined by the formula

g=Jv" ALyydr, (11)

where A is the hermitianizing matrix associated
with the representation (2) and can be expressed in
terms of the constants x%% of the bilinear form
given in (5). y* is the complex conjugate transpose
of y.

Using L, given by (9) and A we find that the
charge associated with the wave equation con-
sidered here is definite.

3. Spinor Formulation of the Wave Equation

We reformulate the above wave equation with
matrix L, given by (9) in spinor language. This we
do because it is much easier using the spinor
form of the wave equation to find the subsidiary
conditiohs of the second kind. These conditions are
necessary in the study of the propagation of the
wave equation by means of the method of charac-
teristics.
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To express the wave equation (1) in spinor form
it is necessary to find the similarity transformation
T connecting the canonical basis (4) to the spinor
basis [5. 6]

fags d%, 8% %, 20 Yol (12)
where o =1,2, p=1,2,v=1,2, p=1.2, 0=1,2.
The transformation T must be such that when
acting on the generators and matrices of the wave
equation in the canonical basis it converts them into
the corresponding generators and matrices of the
wave equation in the spinor basis, namely
TH{T '=Hs. THLT '=H:. TFT '=TFs.
TFg, T~ F§, TIL T~ =13, (13)
where ¢ and s stand for the canonical and spinor
frames, respectively, and j=0, 1,2, 3. These rela-
tions are sufficient to determine T. Using this T we
find the spinorial form of the general 20-dimen-
sional Gel'fand-Yaglom wave equation for maxi-
mum spin 3/2 and matrix L, given by (7). In the
particular case where the constants 4, B, I', C. Z. K,
O have the values given by (8), the corresponding
wave equation in the spinor basis reads
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4. Subsidiary Conditions

As was mentioned in the previous paragraph, to
be able to study the propagation of the wave
equation in the presence of an external field using
the method of characteristics it is necessary to find
the subsidiary conditions of the second kind which
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are determined from the above spinorial form of the
wave equation. Thus let us multiply (E11) by V?_ 7({.
(E12) by J2 ), (E14) by V2 # and (E15) by }2 =3
and add, 1.e.

12 ni[ X

(En)+12 ﬂé x (Epp) + 12 lezx (Eps)

(14)

Sxmlldrlv let us multiply (E17) by 3z'', (E18) by
(E19) by 37'" and (E20) by 372 and add, i.e.

+ VZ ﬂ'zx (EIS) =

3n X (Epp) + 373 x (Ejg)

+37 X (E\g) + 372 x (Ey) =0.  (15)

Subtracting (15) from (14) we have
1/2175-1 x (Ep) + n%x (Eyn) + 7'[12>< (Eyg) + n;fx (E\s)]

—3{n'lx x (Ey7) + 2 x (E\g) + 7! x (E9)

+ 72 x (Ey)} =0.  (16)
Substituting into this the relation
=6 x(E7) =6y x(Eg) (17)

(having imposed the conditions

1 _
B+K=—. A+ =-1,

)2
in the general spinorial form of the wave equation),
replacing 7,,, by the relations

r+e=-1 (18

ny=—nytmny, my=m+Iin,

Ty =m — i 7y, Ty =—My— T3 (19)

and substituting [7,. n,]=ieF,, = fpq (Where F,
p-q=0.1,2 3, is the electromagnetic tensor) (and
finally imposing the conditions

3)2C=3(A4+T)=0, 3)2Z-3(I'+60)=0 (20)

in the general spinorial form of the wave equation,
in order to make terms involving (x,)%, r=0, 1, 2, 3 ...
vanish) we obtain the following subsidiary condition
of the second kind:

67°d + 67701 +V2(fio+ fis+ifu+ifp)al,
+2V2(fes+ ifin) aly = 2(i fia + fro) d'
= 2(fio+ifi) 8' = 2(fio+ifro+fiz+ifr) d?
= 2(fio+fiztifn+ifn) o’

V2 for1 + ifor + i fo3 + fi3) aby = 0.
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By similar operations we obtain the following three
extra subsidiary conditions:
677 d>+677 82+ V2(fio+fis+ ifoo + i f) afy

= 2(fu+ifo+fa+ify)d

= 2(fio+ oo+ for +if3) 814 2V200 fia + fop) at

— 2(i for + fo3) d2 = 2(i foy + fo3) 67

+Vl(ﬁ,,+i_/63+/'|3+if33)a§3=0. (22)
6771+ 672 7+ V2(fro+far +ifoa+ifa) bil
+ 220 for + fo3) b2 = 2(i fra+ fo) €

=20 it f) = 2(fa+ifoatifan+fiz) o

=2(for +ifort fiztif)
V21 + i foo + far + i f) b = (23)

612 ca+ 63272+ V2 (fio+fo1 + i foo + i fas) B
= 2(fotifotfatifs)c
—2(fo H i+ ifao+ifa3) 71+ 2 V2 (fos + i fan) BE2

=20 fa+ f30) 2= 20 far + fyo) 75

+V2(for +ifor + fu + i fr) b7 = 0. (24)

Besides the above four subsidiary conditions of
the second kind involving the external field com-
ponents f;, the wave equation (E) accepts also
four more subsidiary conditions of the second kind
involving no external field components. Thus let us
consider (E17) and (E19). Subtracting (E19) from
(E17) we find the secondary constraint

G =" (25)
Subtracting (E 20) from (E 18) we find
Co= s (26)
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Also. subtracting (E9) from (E7) we find

d =6 (27)
Finally subtracting (E10) from (E8) we find
d> =62 (28)

5. Propagation in an External Electromagnetic Field

We look now upon the propagation of the above
wave equation in the presence of an external elec-
tromagnetic field. Thus let us consider the con-
straints  (25). (26). (27)., and (28) and substitute
them into the wave equation. Doing so we find that
(E20) is the same as (E18). (E19) is the same as
(E17). (E10) is the same as (E8) and (E9) is the
same as (E7). Thus it can be dispenced with (E 20),
(E19). (E10). and (E9) and reduce the problem to
one involving sixteen differential equations. Further-
more. changing the spinor basis

i 0 0 3 5 5 gyl wid g3
taly, als. abs. ady . ads.ady. d' d?, bY, BIR BT,

PRI B2 ¢yl (29)

to the new basis

tali aly. aby. a?), ddy, ads, V2.d'. )2, d2.
Bl b12, b2 bAL BI2 B3, V261, 2¢s)  (30)

obtained from the old one by scaling up the spin 1/2
components by the factor J/2. the set of sixteen
differential equations with respect to the new basis
becomes the same as the Pauli-Fierz wave equation
while the subsidiary conditions of the second kind
involving the field f;, with respect to new basis
become the same as those of the Pauli-Fierz wave
equation. Hence we conclude that the propagation
of the spin 3/2 wave equation considered in this
paper is the same as that of the Pauli-Fierz wave
equation studied by the author in detail in [7] and
shown to violate causality in the presence of an
external electromagnetic field.
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