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The charge o f a spin 3/2, 20-dimensional wave equation o f the G el’fand-Yaglom form based 
on the representation (1/2, 3/2) ® (— 1/2, 3/2) © (1/2, 5/2) ©  (— 1/2, 5/2) © (1/2, 3/2) 
© (— 1/2, 3/2) and its propagation behaviour in an external electromagnetic field are studied, 
and it is shown that its charge is definite but its propagation is not causal.

1. Introduction

In this paper we shall be concerned with an 
example of  a wave equation of  the G el’fand- 
Yoglom form [1, 2, 3]

du/ ö yj du/ du/
------------------ ------------- h -----t - / / y /  =  0 ( 1)

OA'o O .Y , O.Y2 O.Y3

based on the representation

[r, ~  (1/2, 3/2)] © [t, ~  ( -  1/2, 3/2)]

® [r2 -  (1 /2, 5/2)] 0  [ i2 -  ( -  1 /2, 5/2)]

© M M 1 /2, 3/2)] © [r| ~  ( -  1 /2, 3/2)] (2)

with components r  interlocking according to the 
scheme

(3)

The canonical form of the wave equation (1) (in 
the general case) with respect to the canonical 
basis [3]

i _  fxu pfi r l 2 FI2Im) IS/i,oti» S/i./wi’ 's/i. ffij' l5/2,m2’ s/i, Wi’

m2i » (^)

/, =  1/2, W, =  1/2, — 1/2, l2 =  3/2, 

m 2 =  3/2, 1 / 2 , - 1 / 2 , - 3 / 2 ,

which is invariant under the complete group, deriv­
able from an invariant Lagrangian and associated 
with the bilinear form (i//], y/2) defined by the con­
stants [4]

r TiTi — /yTiTi _ , T2T2 — T2T2=  - 1,a 1 1== 1 , a

a Tiri =  Ti =  1

has a matrix L 0 which in block form reads: 

f o r / =  1/ 2 ,

(5)

(Our notation is the same as that of [3].)
The example we shall be concerned with is a 

20-dimensional wave equation and describes par­
ticles o f  spin 3/2 with definite charge. We shall also 
look upon its propagation behaviour in an external 
electromaanetic field.

Reprint requests to Dr. C. G. Koutroulos, Department of 
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L 0( / = l / 2 ) =

and for / =  3/2,

T| Ti ?2 2̂ ti Tl

Tl 0 y 0 Miß 0 7

Tl y 0 ■ p ß 0 7 0

r2 0 fiß 0 E 0 ]/3 C
r2 i f l ß 0 E 0 ]/3 C 0

A 0 y 0 j/3 c 0 0

i'\ / 0 /1/3 c 0 0 0

L 0(/ =  3/2) =

T:
r2( 0

2 fi

*2
2s

0

where a, ß, y, e, £, 0 are constants and / =  ]/— 1. The 
constants a, e, 0 are real numbers. For simplicity we

0340-4811 /  8 6  /  0800-1024 $ 01.30/0. -  Please order a reprint rather than making your own copy.

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



C. G. Koutroulos • A Spin 3/2 20-dimensional Wave Equation 1025

introduce the new constants b =  i ^3 ß, c — i ^3 ß  
z - i  |/3 C, k  =  / j/3 C- ( ( - )  indicates the complex 
conjugate.) Restricting our selves to equations 
describing spin 3/2 particles with or without spin 
1/2  particles present (depending on the eigenvalues 
o f  the block L 0(/ =  1/ 2)) we can devide throughout 
by 2 c, in which case the block H_0(/ =  3/2) aquires 
nonvanishing eigenvalues. Renaming the constants 
in this case as

C =

r  =

f o r / =  1/2

IL0( / =  1/ 2 ) =

and for I =  3/2

lL0( / =  3/2) =

c z b----- Z =  ----- B = ----- A =  -----
2 e ’ 2 e  ’ 2 e  ’ 2 e

y k 9
K  = -----. 0  = -----

~ 2 e ’ 2 s 2 E ’

of L o read:

' Ti i\ 2̂ *2 A
h 0 A 0 B 0 r
h A 0 B 0 r 0

0 =
r2 0 C 0 i

2 0 z
/ r2 C 0 1

2 0 z 0
A o r 0 K 0 0

r  o K 0 0 0 .

(6)

(7)
t 2 t2 

r2 / 0  1

t 2 I 1 0

2. A Special Example and Charge Associated with it

If the constants A, B , r ,  C,  Z, K , 0  in the above 
wave equation have the values

B =
2 j/2 ’

C = -
2 ]/2 ’

Z  =  — K  =
1

for / =  1/2
2̂ 2̂ *1 ti

0
l

4
0

1

2^ 5
0

l

1
0

1

1

2 ^ ”
0

1

1

T
0

i
r2 

1 /2 ) =
0

i

1

2 |/2
0

1

1

T
0

i

I

2 ]/2

r2
J ] / 2

0

1
T

0
2 1/2

0

A 0
I

0
1

2V ^
0

1

T
1

0
l

r j / I
0

1
0

and for 1=  3/2 (9)

IL0 (/ =  3/2) =

r2 r2 
r2 I 0
T-> \ 1 0

We notice that the eigenvalues of the block 
L 0( / =  1/ 2 ) are all zero and the equation describes 
only spin 3/2 particles. The matrix L 0 satisfies the 
minimal equation

D-o {Lq ~  1} =  0 . (10)

Thus L 0 is not a diagonalizable matrix.
We look next upon the charge associated with the 

above wave equation defined by the formula

q =  J y/+ A L 0 y/ d r , (11)

where A  is the hermitianizing matrix associated 
with the representation (2 ) and can be expressed in 
terms of  the constants a T>Tj of  the bilinear form 
given in (5). t//+ is the complex conjugate transpose 
o f  (//.

Using L 0 given by (9) and A  we find that the 
charge associated with the wave equation con­
sidered here is definite.

2 |/2 2 |/2 3 Spinor Formulation of the Wave Equation

A = ------ , r  = -------, 0  = -------,
4 4 4

(8)

a wave equation of  the G el’fand-Yaglom form 
results which describes particles o f  spin 3/2. The 
matrix L 0 associated with this wave equation has 
the following blocks for spins 1/2 and 3/2, respec­
tively:

We reformulate the above wave equation with 
matrix L 0 given by (9) in spinor language. This we 
do because it is much easier using the spinor 
form of the wave equation to find the subsidiary 
conditions of the second kind. These conditions are 
necessary in the study of  the propagation of  the 
wave equation by means of  the method of  charac­
teristics.
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To express the wave equation (1) in spinor form 
it is necessary to find the similarity transformation 
T  connecting the canonical basis (4) to the spinor 
basis [5. 6]

(12)

where c'o =  \, 2 , cp =  1, 2 , v =  1, 2, (p= 1. 2 . co =  1, 2. 
The transformation T  must be such that when 
acting on the generators and matrices of the wave 
equation in the canonical basis it converts them into 
the corresponding generators and matrices of the 
wave equation in the spinor basis, namely 

T //3  TT“ 1 =  IH3, T I H i T ' 1 =  1H+ , T F 3T “ 1 =  F | ,  

T F £ ,  T _1 F + ,  TIL} T -1 =  L / , (13)

where c and s stand for the canonical and spinor 
frames, respectively, and /  =  0, 1,2, 3. These rela­
tions are sufficient to determine T. Using this T  we 
find the spinorial form of the general 20-dimen- 
sional Gel'fand-Yaglom wave equation for maxi­
mum  spin 3/2 and matrix L 0 given by (7). In the 
particular case where the constants A, B , r ,  C, Z, K , 
0  have the values given by (8 ), the corresponding 
wave equation in the spinor basis reads

-  K'\ \ b \ x ~  n x2b \2 - ~ n \  c ^ - ~ n \  y, + * a ] ,  =  0 ,

( E l )

— —  n2i b \2 -  —  7i,i ftV------- t  n\ c , ------- 7-
2 "  2 11 - 2 ]/2 2 1 2 ]/2

n\

J n \2 b \ ' — -  7T,2 f t p  —
1

2 / 2
n\ c2

2 /2
n\ 72 +  /  ci\2 =  0 , (E2)

n 22 b\~ ^  n2 c 2 ^  n 2 >’2 — ^2i b \ l +  /  a \2 =  0 ,
(E3)

---- -j- n\ b \2 -------7-  7TT ftP -I-----7T11 C| +  —  7T1' 7,
6 / 2  2 1 6 / 2  1 - 4 1 4 

f t p -------7-  7T̂ ftp +  —  n ]2 c2
6 / 2 6 / 2

+  —  7r12 72 -I- /  d x =  0, (E7)

n\ ftp -  -777-  n] b \2 H-----7r22 c2 -I------ 7122
6 / 2  2 6 / 2

--------- ^7 -  71 j f t p ---------K -  7l\ bV- H--------7T21 C ,
6 / 2  1 1 6 / 2  4

H--------7T21 7 , +  Z  c/ 2 =  0 ,
4 1

/2

( E 8)

6 /2
, 7ri, f t 1,2 --------- -7— 7T? f t P  H-------- 7Tn  C , -1----------7T1' 7 ,
h  2 1 fil/7 1 2 4 1 4

1

6 / 2

6 / 2

f t P -------- ^  f tp  4------7r'
• 6 / 2  2 “ 4

+  —  n ] 72 4 - / ö ] -  0 , (E9)

6 / 2 6 / 2
7T- f t j 2 — 7 -7 7 7  71^ f t p  +  —  7T22 C2 +  —  7T22 }’2 

6 / 2 'm " ‘ 6 / 2

1
f t p  -  7^777  71^ f t p  +  —  TT2 ' C ,

+  — 7T21 7i +  /<52 =  0 ,

t t "  « { ,  -  7T1 2 1 \2 n\ d ' - - ^

( E 1 0 )

n\ <5' +  /  ftp =  0 , 

( E l l )

22 i i 1 2 i i\ 1 t- n ~ a \ 2 -  —  n " a - u - — i z ^ d x-  - j - n } d
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1 22 ,------ ii a\-,~>
TT11 n2 -71 CI] 2

2 p
7l\ C]2

2 p

2 p

ti\  cf

7l\ Ö '

~  Y p 712^  + / / ^ 2 =  o, (E 15)

Ti22 a \ 2 ~  Tr21 a ]2 --------~r n 2 c P ------- 7-  n 2 Ö2 +  /  b r =  0 ,
p  p  ~
' y ( E 16)

1

6 ]/2
2 1 

71 j a \ 2
1

6 p
n\ a 2x 4----- n \ \ d x + n \ \ <5‘

6 p
ti\ a \ x

+ n \ 2 <52 + x c \ -  0- (E 17)

6 p 71 j #22 ~

6 p
n\ a \2

+  n 2\ +  X  f 2 =  0 , (E 18)

6 ]/2
1 1 ä 1 , i  1 , ij ^ 7 i 2 a-u  +  - n u d '  +  - n l t d '

6 p
n\ a I,

+  n \ i  ö 2 +  X  7i =  0 , (E 19)

6 |/2
tt7 a'j-, j ^ y i a ]2 + - K 12d 2 + - K l 2 f -

6 p

+  ^2i <5’ +  X  72  =  0 , (E20)

4. Subsidiary Conditions

As was mentioned in the previous paragraph, to 
be able to study the propagation o f  the wave 
equation in the presence of  an external field using 
the method of  characteristics it is necessary to find 
the subsidiary conditions of  the second kind which

are determined from the above spinorial form of  the 
wave equation. Thus let us multiply (E 11) by p  n \ . 
(E 12) by p 7 i \ ,  (E 14) by j/2 7r2 and (E 15) by p  n\  
and add. i.e.

P  n\ x (£ , , )  +  p  n \ x  ( £ 12) +  p  n ] x  ( £ 14)

+  p  n 2 x ( £ i5) =  0. (14)

Similarly let us multiply (E17) by 37rn , (E18) by 
3 ;r2', (E 19) by 3 7t h and (E20) by 3 n 2] and add, i.e.

3 /r11 x ( £ 17) +  3 7T21 x ( £ 18)

+  3 7iu x ( £ | 9) +  3 7r2' x ( £ 2o) =  0 - (15)

Subtracting (15) from (14) we have 

p { n \  x (£ , , )  +  n \ x  ( £ 12) +  7i2 x ( £ 14) -I- 7i\ x ( £ 15)i 

-  3 [7T11 X ( £ ]7) +  7l2' X ( £ , g) +  7T11 X ( £ ]9)

+  7l2X X ( £ 20)j =  0. (16)

Substituting into this the relation

-  6 / x  ( £ 7) -  6 / x  ( £ 9) (17)

(having imposed the conditions

ß  +  K  =  j - ,  A +  f  =  - j ,  r  +  0  =  - \  (18)

in the general spinorial form of  the wave equation), 
replacing nnQ by the relations

^il =  _  ^0 +  ^3, n2\ ~  n \ +  * n2> 

7t\2 — TC 1 — i 7121 ^ 2 2  =  ^ 0  ^ 3 (19)

and substituting [icp , nq\ =  i e F pq =  f pq (where Fpq, 
p.  cj =  0 . 1 ,2 ,3 ,  is the electromagnetic tensor) (and 
finally imposing the conditions

3 j/2C — 3 (^ +  £ )  =  0, 3 ^ 2 Z - 3 ( £  +  <9) =  0 (20)

in the general spinorial form of the wave equation, 
in order to make terms involving (nr)2, r =  0, 1, 2, 3 ... 
vanish) we obtain the following subsidiary condition 
o f  the second kind:

6 / 2 d x +  6 / 2 <5' +  p ( f \ o  +/13  +  i f i 2 +  ifo2) a \\

+  ~ P  ( ,/o3 +  i f n )  a \2  ~  2 ( / / i 2 + / 3o) d x 

~  - ( /30 +  i Jn )  <5' ~  2 ( / io  +  i f 20 +./13 +  ' f2i )  d 2 

~  2 ( / i o  +./13 +  >f20 +  i f 21) b2 

+  P ( f a \  +  i f 02 +  i f 23 + / 13) a 22 =  0. (21)



By similar operations we obtain the following three 
extra subsidiary conditions:

6 / 2 d 2 +  6 / -  ö2 +  |/2  ( / ]0 + / i 3 +  //o 2 +  f/32)

~  2 ( / io  + i f 02 +/31  +  i f 23) d*

~  2 ( / io  + 7/o2 +/31  +  iJ 32) <3' +  2 f 2 ( / / , 2 + / 03) «12

— 2 (1/21 + ./03) — 2 (//21 + / 03)

+  V— ( ./01 +  i f 02 +  ./13 + i f 2 3 ) a h  =  0, (22)

6 / : c, +  6 / 2 7i +  ]/2 (y 10 +./31 +  i f 02 +  i f 23) ^!'

+  2  l / 2  (/"/21  + . / 03) ^ ' r  ~  2  ( 1 / 1 2  + / 03) c i 

~  2 0 7 , 2  + . / 03) 7 i  ~  2 ( / o i  +  //0 2  +  '7 2 3  + / 13)  c 2

~  2(./0] + './02 +./13 +  i f 23) 72 

+  ] /2 ( /01 +  / / 02 + / 3| + / / 32) ^ i2 =  0, (23)

6 / -  c‘2 +  6 / _ 72 +  l/2( /,o +./31 +  //02 +  ^ 23)

_  2(./oi +  './20 +./31 +  723) c i

-  2( /01 +/31 +  i f 20 +  i f 23) 7i +  2 ]/2 ( /o3 +  ?72i) M2 

~  2 ( i f 2\ + ./30) r 2 — 2 ( / /21 + / 30) 72

+  V 2  ( /01 +  / 7 ) 2  + . /3 1  +  '7 3 2 )  ^ 2 2 =  0 -  ( 2 4 )

Besides the above four subsidiary conditions of 
the second kind involving the external field com ­
ponents j \ \  the wave equation (E) accepts also 
four more subsidiary conditions o f  the second kind 
involving no external field components. Thus let us 
consider (E17) and (E19). Subtracting (E19) from 
(E 17) we find the secondary constraint

<'i =  7i. (25)

Subtracting (E20) from (E 18) we find

c2 =  72- (26)
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Also, subtracting (E9) from (E7) we find

d ' = 0 ' .  (27)

Finally subtracting (E 10) from (E8) we find

d 2 =  d2. (28)

5. Propagation in an External Electromagnetic Field

We look now upon the propagation of  the above 
wave equation in the presence of  an external elec­
tromagnetic field. Thus let us consider the con­
straints (25), (26), (27), and (28) and substitute 
them into the wave equation. Doing so we find that 
(E20) is the same as ( E l 8), ( E l 9) is the same as 
(E17), (E10) is the same as (E8) and (E9) is the 
same as (E7). Thus it can be dispenced with (E20), 
(E19). (E10), and (E9) and reduce the problem to 
one involving sixteen differential equations. Further­
more, changing the spinor basis

{all, a\2, ci'2 2 . a 2\ \ , o2 2. «22, d l , d 2. b \] , 6 p ,  b22,

. M2. b l2. c }. c2' (29)
to the new basis

{a \ \ ,  a j2, a n , a 2u , a}2, a j2, |/2, d \  ]/2, d 2,

b \ K b \ i M \ b " , b ? M i , V 2 c l , y 2 c 2} (30)

obtained from the old one by scaling up the spin 1/2 
components by the factor |/2, the set of sixteen 
differential equations with respect to the new basis 
becomes the same as the Pauli-Fierz wave equation 
while the subsidiary conditions of  the second kind 
involving the field f kt with respect to new basis 
become the same as those of the Pauli-Fierz wave 
equation. Hence we conclude that the propagation 
of  the spin 3/2 wave equation considered in this 
paper  is the same as that of the Pauli-Fierz wave 
equation studied by the author in detail in [7] and 
shown to violate causality in the presence of an 
external electromagnetic field.
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